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 The authors have recently reported a theo-

retical explanation of the out-of-plane CH 

vibrations of benzene derivatives for both the 

fundamentals and their combination tones 

which appear in the regions of 650 to 1000 cm-1 

and of 1650 to 2000 cm-1, respectively1,2). The 

results of the calculations were in good agree-

ment with those observed1-3). This enabled 

us to calculate frequencies and absorption 

intensities of the out-of-plane hydrogen vibra-

tion bands for some deuterium homologs of 

benzene derivatives. 

 In the present paper, normal coordinate 

treatments have been made on the out-of-plane

hydrogen vibrations for ortho-, meta-and para-

deuterated compounds of mono-substituted 

benzenes. This treatment seems to be applic-

able for the identification of each molecule as 

well as for the purpose of confirming the 

validity of our earlier theories1,2)

Calculated Frequencies 

 The normal coordinate treatment was carried 

out according to the method using G and F 

matrices, as introduced by Wilson4). The pro-

cedures of the calculations were the same as 

those given in the preceding papers1,2), except 

for some minor modifications in the form of 

the G matrix. 

 Fig. I shows the molecular model used, 

where X is a substituent atom or group and

 1) T. Shtmanouchi, Y. Kakiuti and I. Gamo, J. Chem. 
Phys., 25,1245 (1956); Y. Kakiuti, J. Chem. Soc. Japan, Pure 
Chem. Sec. (Nippon Kagaku Zasshi), 77, 1572, 1591 (1956). 
 2) Y. Kakiuti, J. Chem. Phys., 25, 777 (1956); J. Chem. 

Soc. Japan, Pure Chem. Sec. (Nippon Kagaku Zasshi), 77, 
1839 (1956). 

 3) Y. Kakiuchi, ibid., 80, 28 (1959).
 4) E. B. Wilson, Jr., J. Chem. Phys., 7, 1047 (1939); 9, 76 

(1941).
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Fig. 1. o-, m-and p-Deuterated mono-
substituted benzene.

 Fig. 2. G or F matrix. 

H(D) denotes H or D atom; that is, ortho-, 
meta-and para-deuterated molecules are 
designated as 1-X-benzene-2-d-3-d and-4-d, 
respectively. The G and F matrices are ex-
pressed as shown in Fig. 2, where the mean-
ings of the notations are as given in the 
preceding papers1); that is, r0 is the equilibrium 
length of C-H or D bond, ri and ai are the 
internal coordinates referring to bending of 
the Ci-H, or Di bond and twisting of the C-C 
bond, respectively. 
 The approximation according to Crawford, 

Edsall and Wilson 4,5) has been applied, and 
the first row and column corresponding to the 
low-frequency coordinate of the substituent 
(X), r1r1 are omitted. As shown in Table I, 
the values of the elements of the G matrix 
are nearly the same as those presented in our 
earlier papers1), and those of the F matrix 
are exactly the same, because the same force 
constants obtained by the analysis of out-of-
plane vibrations of benzene and its deuterium 
homologss) were also applied in this case.

TABLE 1. ELEMENTS OF G AND F MATRICES 
 SHOWN IN FIG. 2 (FORCE CONSTANT IN 

mdyn./A, LENGTH IN A, AND MASS IN amu)

a) When a hydrogen atom is replaced by 
 deuterium, the H-value in parenthesis must 
 be used (See text).

 Exchanging the H atom for the D affects 

only the value of the corresponding diagonal 

term, H, in the G matrix. When the hydrogen 

atom of the i-th Ci-Hi bond shown in Fig. 1 

is replaced by deuterium, the H-value in 

parenthesis shown in Table I must be used for 
the diagonal term corresponding to the coor-

dinate riri in the G matrix. 

 The secular equation to be solved is expressed 

as

(1)

where E is the unit matrix,λis 4π2c2v2, c is

the light velocity, and v is the wave number. 

In the case of the para-deuterated molecule, 

the secular Eq. 1 is further split due to the 

symmetry of the molecule by using suitable 

symmetry coordinates which are shown in

Table II, where the s1,s2 and σ3 belong to the

species A2 and the s3, s4, s5, σ2 and σ4 to the

species B2. The roots of the secular equation 

of each molecule are shown in Table III and 

illustrated in Fig. 3. The Latin and Greek 

notations denote the fundamentals and binary 

combinations, respectively. 

 TABLE II. SYMMETRY COORDINATES USED FOR 

 p-DEUTERATED MONO-SUBSTITUTED BENZENE

a) For example, S1-(r2γ2-r3γ3+r5γ5-r6γ6)/2.

 Normal Coordinates 

 When the relation between the normal 
coordinates and the intensity in infrared absorp-
tion is discussed, it is necessary to express 
normal coordinates, Q, in terms of Cartesian 
displacement coordinates, Z, as discussed

 5) B. L. Crawford, Jr. and J. T. Edsall, ibid., 7, 223 
(1939). 
 6) Y. Kakiuti and T. Shimanouchi, ibid., 25,1252 (1956); 

Y. Kakiuti, J. Chem. Soc. Japan, Pure Chem. Sec. (Nippon 
Kagaku Zasshi), 80, 21 (1959).
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Fig. 3. Illustration of calculated frequencies, absorption intensities, and observed 

absorption spectra9,10) (See Table III.).
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 TABLE III-A. FUNDAMENTALS OUT-OF-PLANE HYDROGEN VIBRATIONS

a) Relative values for each molecule. 

 TABLE III-B. BINARY COMBINATIONS OF OUT-OF-PLANE HYDROGEN VIBRATIONS

a) Relative values for each molecule. The combinations whose ri j-values are very small, are 
 omitted in this Table.
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TABLE IV. ELEMENTS OF L-MATRICESa) (FOR THE UNITS USED, SEE TABLE I)

a) Z(X) is always zero, because of the approximation used in calculations (See text). 
b) t-Marks denote out-of-plane hydrogen vibrations. The residues are skeletal vibrations, which 

 can be expected to be weak in infrared absorption and are omitted in Table III and Fig. 3.

already in the preceding papers1,2). To do this, 

the L matrix must be calculated. It is defined 

as

(2)
which can also be expressed as

(3)

where M is the diagonal matrix, the elements 

of which are the masses of atoms associated 

with the Cartesian coordinates. The B, matrix 

relates the internal coordinates, J, to the 

Cartesian coordinates,

(4)

The elements of the B, matrix are the same

 7) B. L. Crawford, Jr. and W. H. Fletcher, J. Chem. 
Phys., 19, 141 (1951); D. A. Long, Proc. Roy. Soc. A217, 203 
(1953).
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TABLE V. ASSIGNMENTS OF OUT-OF-PLANE HYDROGEN VIBRATIONS FOR SEVERAL 

p-DC6H4X TYPE MOLECULES (cm-1)

as those given in the preceding papers1). The 
LJ matrix relates the internal coordinates to 
the normal coordinates,

(5)

and it is obtained when the secular Eq. 1 is 

solved. 

 The calculated reoults of L matrices are 

shown in Table IV, where the normalization 

of the L matrix is made by the following 

equation

(6)

 Absorption Intensities 

 The in-plane or out-of-plane component of 
the molecular dipole moment, ux, uy or uz may 
be expanded in an even or odd power series 
of the normal coordinates as follows, respective-
ly, neglecting the higher terms:

(7)

where μx0 and μy0 are the constant terms for

every molecule. When the vibration is 
mechanically harmonic, the integrated absorp-
tion coefficient of the fundamental band pro-
duced by Qi-(ki)-and that of the combination 
band produced by Qi and Qj-(kij)-are ex-
pressed as follows:

(8)
respectively, where h is Planck's constant, and 
vi or vj is the wave number of the fundamental 
referring to Qj or Qi. Eq. 8 are the same

those presented by Wilson et al.8) and in our 
earlier papers2). 

When the formal electric charge associated 
with each atom or atomic group does not 
change by small vibrational displacement, and 
some further assumptions referred to in the 
preceding papers1,2) are applied, the coefficients 
of Eq. 7, aij, bij, and c; can be shown to have 
simple relationships to the elements of L 
matrices. This enables us to calculate the 
values of ki and kij. The results of calculations 
as relative values of ki and,kij are shown in 
Table III and illustrated in Fig. 3, where it is 
assumed that all the C-H bond moments are 
equal, and the contribution of the motion of 
the motion of the C-X bond is neglected in 
the total molecular dipole moment*2. 

Comparison with the Experimental Data 

The infrared spectra of ortho-, meta-and 

para-deuterated toluene have been presented 
by Turkevich et al.9) and Tiers et al.10) These 
experimental data are shown in Table III and 
Fig. 3. 

Each molecule shows a strong absorption 
band in the region of 600 to 650 cm-1, which 
can be assigned with certainty to the first 
fundamental band of the out-of-plane hydrogen 
vibrations. The binary combination bands of 
the out-of-plane hydrogen vibrations can be 
readily identified in the region of 1600 to 2000 
cm-1. These bands can be easily assigned by 
comparison with the results of calculations for 
every molecule, as shown in Fig. 3. The 
"analyzed values" of the fundamental and 

combination frequencies are determined so as 
to give the best fit with the above assigned

 *1The practical value of kij in Eq.8 must be given as

2kij=kij+kji(i≠j)corresponding to the two terms,aijQiQj

or bijQiQj and ajiQjQi bjiQjQi appearing in Eq.7.

8)E.B. Wilson, Jr., J. C. Decius and P. C. Cross,
"Molecular Vibrations"

, McGraw-Hill, New York(1955),

ｧ7.9.

 *2 The motion of the carbon atom of the C-X bond 

takes place with small amplitude for the vibrations under 
consideration, and the X atom does not move at all 
according to the approximation used in low-frequency 
splitting. 
 9) J. Turkevich, H. A. McKenzie, L. Friedman and R. 

Spurr, J. Am. Chem. Soc., 71, 4045 (1949). 
10) G. V. D. Tiers, J. Chem. Phys., 19,1072 (1951). G.V.D. 

Tiers and J. H. Tiers, ibid., 20, 761 (1952).
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frequencies of fundamentals and their combi-
nation bands. As shown in Table III and Fig. 
3, the analyzed frequencies are in good agree-
ment with the assigned values. 
 Recently, Murahashi et al.11) observed the 

spectra of para-deuterated derivatives of bromo-
benzene, styrene and polystyrene (atactic) in 
the region of 700 to 3000 cm-1. Table V shows 
that our assignments are valid and our theories

are applicable also in these cases. 

 The authors wish to express their sincere 
thanks to Professor Takehiko Shimanouchi at 
the University of Tokyo and to Dr. Hiroyuki 
Tadokoro at Osaka University for their useful 
comments and interest in this work. 
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